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1. Introduction
Let K be a nonempty subset of a real normed linear space X and T : K → K be a mapping. Denote by F(T ) the set of fixed
points of T , that is, F(T ) = {x ∈ K : Tx = x}. Throughout this work, we always assume that X is a real Banach space and
F(T ) 6= ∅. Now let us recall some known definitions.
Definition 1.1. A mapping T : K → K is said to be:
(i) asymptotically nonexpansive if there exists a sequence {λn} ⊂ [1,∞) with limn→∞ λn = 1 such that ‖T nx − T ny‖ ≤
λn‖x− y‖ for all x, y ∈ K and n ∈ N;
(ii) asymptotically nonexpansive in the intermediate sense if it is continuous and the following inequality holds:
lim sup
n→∞
sup
x,y∈K
(‖T nx− T ny‖ − ‖x− y‖) ≤ 0. (1.1)
Observe that if we define an := supx,y∈K (‖T nx − T ny‖ − ‖x − y‖), σn := max{0, an}, then σn → 0 as n→∞ and (1.1)
reduces to ‖T nx− T ny‖ ≤ ‖x− y‖ + σn, for all x, y ∈ K , n ≥ 1.
In [1], Goebel and Kirk proved that, if K is a nonempty closed convex bounded subset of a real uniformly convex Banach
space X and T is an asymptotically nonexpansive self-mapping of K , then T has a fixed point in K . A class of mappings that
are asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [2]. The existence of fixed points
of a mapping that is asymptotically nonexpansive in the intermediate sense was proved in [3]. Since then, some authors
have proved weak and strong convergence theorems for iterative processes for nonexpansive semigroups, nonexpansive
mappings, asymptotically nonexpansivemappings etc, in Banach spaces (see [1,3–6]), which generalize, extend and improve
the result of Goebel and Kirk in several ways.
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To unify various definitions of classes of mappings associated with the class of asymptotically nonexpansive mappings
and to prove a general convergence theorem applicable to all these classes of nonlinear mappings, in [7] the notion of a
totally asymptotically nonexpansive mapping was introduced. Namely:
Definition 1.2. Let K be a nonempty closed subset of a real normed linear space X . A mapping T : K → K is called totally
asymptotically nonexpansive if there exist nonnegative real sequences {µn}, {λn} with µn, λn → 0 as n→∞ and a strictly
increasing continuous function φ : R+ → R+ with φ(0) = 0 such that
‖T nx− T ny‖ ≤ ‖x− y‖ + µnφ(‖x− y‖)+ λn, for all x, y ∈ K , n ∈ N. (1.2)
One can see that ifφ(ξ) = ξ , then (1.2) reduces to ‖T nx−T ny‖ ≤ (1+µn)‖x−y‖+λn, n ≥ 1. In addition, if λn = 0 for all
n ≥ 1, then totally asymptotically nonexpansivemappings coincidewith asymptotically nonexpansivemappings. Similarly,
one can show that totally asymptotically nonexpansive mappings generalize asymptotically nonexpansive mappings in the
intermediate sense as well.
Alber et al. [7] studied methods of approximation of fixed points of totally asymptotically nonexpansive mappings.
Chidume and Ofoedu [8,9] introduced an iterative scheme for approximation of a common fixed point of a finite family
of totally asymptotically nonexpansive mappings in Banach spaces.
On the other hand, in [10] an asymptotically I-nonexpansivemappingwas introduced. Namely, let T : K → K , I : K → K
be twomappings of a nonempty subset K of a real normed linear space X . Then T is said to be asymptotically I-nonexpansive
if there exists a sequence {λn} ⊂ [1,∞) with limn→∞ λn = 1 such that ‖T nx − T ny‖ ≤ λn‖Inx − Iny‖ for all x, y ∈ K and
n ≥ 1.
The weak and strong convergence theorems for iterative processes of I-nonexpansive mappings, asymptotically I-
nonexpansive mappings, etc, in Banach spaces have been studied (see for example [10–12]).
In thiswork,we introduce a new type of conceptwhich combines notions such as the totally asymptotically nonexpansive
mapping and the asymptotically I-nonexpansive mapping.
Definition 1.3. Let T : K → K , I : K → K be two mappings of a nonempty subset K of a real normed space X . T is said to
be a totally asymptotically I-nonexpansivemapping if there exist nonnegative real sequences {µn}, {λn}with µn, λn → 0 as
n→∞ and a strictly increasing continuous function φ : R+ → R+ with φ(0) = 0 such that
‖T nx− T ny‖ ≤ ‖Inx− Iny‖ + µnφ(‖Inx− Iny‖)+ λn, for all x, y ∈ K , n ≥ 1. (1.3)
Note that if I = Id (Id is the identity mapping), then (1.3) reduces to (1.2). If φ(ξ) = ξ , then one gets ‖T nx − T ny‖ ≤
(µn + 1)‖Inx− Iny‖ + λn, which is a generalization of the asymptotically I-nonexpansive mapping.
Let K be a nonempty closed convex subset of a real Banach space X . Consider a totally asymptotically I-nonexpansive
mapping T : K → K , where I : K → K is a totally asymptotically nonexpansive mapping. Then for two given sequences
{αn}, {βn} in [0, 1]we shall consider the following iteration scheme:{x0 ∈ K ,
xn+1 = (1− αn)xn + αnT nyn
yn = (1− βn)xn + βnInxn.
(1.4)
In this work we prove the strong convergence of the explicit iterative process (1.4) to a common fixed point of T and I .
All results presented here generalize and extend the corresponding ones of [7–9,11] to a case of one mapping.
2. Auxiliary lemmas
The following lemmas play an important role in proving our main results.
Lemma 2.1 ([13]). Let X be a uniformly convex Banach space and b, c be two constants with 0 < b < c < 1. Suppose that {tn}
is a sequence in [b, c] and {xn}, {yn} are two sequences in X such that
lim
n→∞ ‖tnxn + (1− tn)yn‖ = d, lim supn→∞ ‖xn‖ ≤ d, lim supn→∞ ‖yn‖ ≤ d,
holds some d ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.
Lemma 2.2 ([14]). Let {an}, {bn}, {cn} be three sequences of nonnegative real numbers with∑∞n=1 bn < ∞,∑∞n=1 cn < ∞. If
the following condition is satisfied:
an+1 ≤ (1+ bn)an + cn, n ≥ 1,
then the limit limn→∞ an exists.
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3. Main results
In this section we shall prove our main results. To formulate them, we need some auxiliary lemmas.
Lemma 3.1. Let X be a real Banach space and K be a nonempty closed convex subset of X. Let T : K → K be a totally
asymptotically I-nonexpansive mapping with sequences {µn}, {λn} and I : K → K be a totally asymptotically nonexpansive
mapping with sequences {µ˜n}, {λ˜n}. Suppose that there exist Mi,M∗i > 0, i = 1, 2, such that φ(ξ) ≤ M∗1 ξ for all ξ ≥ M1 and
ϕ(ζ ) ≤ M∗2 ζ for all ζ ≥ M2. Then for any x, y ∈ K one has
‖Inx− Iny‖ ≤ (1+ µ˜nM∗2 )‖x− y‖ + µ˜nϕ(M2)+ λ˜n, (3.1)
‖T nx− T ny‖ ≤ (1+ µnM∗1 )(1+ µ˜nM∗2 )‖x− y‖ + µ˜n(1+ µnM∗1 )ϕ(M2)+ λ˜n(1+ µnM∗1 )+ µnφ(M1)+ λn. (3.2)
Proof. Since φ, ϕ : R+ → R+ are strictly increasing continuous functions, it follows that φ(ξ) ≤ φ(M1), ϕ(ζ ) ≤ ϕ(M2)
whenever ξ ≤ M1, ζ ≤ M2, respectively. By the hypothesis of the proposition we then get
φ(ξ) ≤ φ(M1)+M∗1 ξ, ϕ(ζ ) ≤ ϕ(M2)+M∗2 ζ , (3.3)
for all ξ , ζ ≥ 0. Since T : K → K , I : K → K are a totally asymptotically I-nonexpansive mapping and a totally
asymptotically nonexpansive mapping, respectively, then from (3.3) one finds
‖Inx− Iny‖ ≤ (1+ µ˜nM∗2 )‖x− y‖ + µ˜nϕ(M2)+ λ˜n.
Using the last inequality, we similarly obtain
‖T nx− T ny‖ ≤ (1+ µnM∗1 )‖Inx− Iny‖ + µnφ(M1)+ λn
≤ (1+ µnM∗1 )(1+ µ˜nM∗2 )‖x− y‖ + µ˜n(1+ µnM∗1 )ϕ(M2)+ λ˜n(1+ µnM∗1 )+ µnφ(M1)+ λn.
This completes the proof. 
Lemma 3.2. Let the conditions of Lemma 3.1 be satisfied. Assume that F = F(T )∩F(I) 6= ∅ and∑∞n=1 µn <∞,∑∞n=1 λn <∞,∑∞
n=1 µ˜n <∞,
∑∞
n=1 λ˜n <∞. Then the sequence {xn} defined by (1.4) is bounded and for each p ∈ F = F(T ) ∩ F(I) the limit
limn→∞ ‖xn − p‖ exists.
Proof. Since F = F(T ) ∩ F(I) 6= ∅, for any given p ∈ F , it follows from (1.4) and (3.2) that
‖xn+1 − p‖ ≤ (1− αn)‖xn − p‖ + αn‖T nyn − p‖
≤ (1− αn)‖xn − p‖ + αn(1+ µnM∗1 )(1+ µ˜nM∗2 )‖yn − p‖ + αnµ˜n(1+ µnM∗1 )ϕ(M2)
+αnλ˜n(1+ µnM∗1 )+ αnµnφ(M1)+ αnλn.
By the same argument, again from (1.4), (3.1) we derive
‖yn − p‖ ≤ (1+ µ˜nβnM∗2 )‖xn − p‖ + µ˜nβnϕ(M2)+ λ˜nβn. (3.4)
Then from (3.4) one finds
‖xn+1 − p‖ ≤ (1+ αn((1+ µnM∗1 )(1+ µ˜nM∗2 )(1+ µ˜nβnM∗2 )− 1))‖xn − p‖
+αnβn(µ˜nϕ(M2)+ λ˜n)(1+ µnM∗1 )(1+ µ˜nM∗2 )
+αn(µ˜nϕ(M2)+ λ˜n)(1+ µnM∗1 )+ αn(µnφ(M1)+ λn). (3.5)
Defining
an = ‖xn − p‖
bn = αn(µnM∗1 + µ˜nM∗2 (1+ βn)+ µnµ˜nM∗1M∗2 (1+ βn))+ αnµ˜2nβn(M∗2 )2(1+ µnM∗1 ),
cn = αnβn(µ˜nϕ(M2)+ λ˜n)(1+ µnM∗1 )(1+ µ˜nM∗2 )+ αn(µ˜nϕ(M2)+ λ˜n)(1+ µnM∗1 )+ αn(µnφ(M1)+ λn)
in (3.5) one gets an+1 ≤ (1 + bn)an + cn. Since∑∞n=1 bn < ∞ and∑∞n=1 cn < ∞, Lemma 2.2 implies the existence of the
limit limn→∞ an. This yields the assertion. 
Now we are ready to formulate and prove a criterion on strong convergence of {xn} given by (1.4).
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Theorem 3.3. Let X be a real Banach space and K be a nonempty closed convex subset of X. Let T : K → K be a totally
asymptotically I-nonexpansive continuous mapping with sequences {µn}, {λn} and I : K → K be a totally asymptotically
nonexpansive continuous mapping with sequences {µ˜n}, {λ˜n} such that F = F(T ) ∩ F(I) 6= ∅. Suppose ∑∞n=1 µn < ∞,∑∞
n=1 λn < ∞,
∑∞
n=1 µ˜n < ∞,
∑∞
n=1 λ˜n < ∞ and there exist Mi,M∗i > 0, i = 1, 2, such that φ(ξ) ≤ M∗1 ξ for all
ξ ≥ M1 and ϕ(ζ ) ≤ M∗2 ζ for all ζ ≥ M2. Then the sequence {xn}, defined by (1.4), converges strongly to a common fixed point
of T and I if and only if
lim inf
n→∞ d(xn, F) = 0. (3.6)
Proof. The necessity of condition (3.6) is obvious. Let us prove the sufficiency part of the theorem.
Note that continuity of T and I implies that the sets F(T ) and F(I) are closed. Hence F = F(T ) ∩ F(I) is a nonempty
closed set.
For any given p ∈ F , we have (see (3.5))
‖xn+1 − p‖ ≤ (1+ bn) ‖xn − p‖ + cn, (3.7)
and hence, one finds
d(xn+1, F) ≤ (1+ bn) d(xn, F)+ cn. (3.8)
Now applying Lemma 2.2 to (3.8) we obtain the existence of the limit limn→∞ d(xn, F). By condition (3.6), one gets
lim
n→∞ d(xn, F) = lim infn→∞ d(xn, F) = 0. (3.9)
Let us prove that the sequence {xn} converges to a common fixed point of T and I . We first show that {xn} is a Cauchy
sequence in X . In fact, as 1+ t ≤ exp(t) for all t > 0, from (3.7), we obtain
‖xn+1 − p‖ ≤ exp(bn)(‖xn − p‖ + cn). (3.10)
Thus, for any positive integersm, n, iterating (3.10) and noting
∑∞
n=1 bn <∞,
∑∞
n=1 cn <∞, one finds
‖xn+m − p‖ ≤ exp(bn+m−1)(‖xn+m−1 − p‖ + cn+m−1)
≤ · · ·
≤ exp
(
n+m−1∑
i=n
bi
)(
‖xn − p‖ +
n+m−1∑
i=n
ci
)
≤ exp
( ∞∑
i=n
bi
)(
‖xn − p‖ +
∞∑
i=n
ci
)
.
Therefore,
‖xn+m − xn‖ ≤ ‖xn+m − p‖ + ‖xn − p‖
≤
(
1+ exp
( ∞∑
i=n
bi
))
‖xn − p‖ + exp
( ∞∑
i=n
bi
) ∞∑
i=n
ci
≤ W
(
‖xn − p‖ +
∞∑
i=n
ci
)
, (3.11)
for all p ∈ F , where 0 < W − 1 = exp (∑∞i=n bi) <∞. Taking the infimum over p ∈ F in (3.11) one gets
‖xn+m − xn‖ ≤ W
(
d(xn, F)+
∞∑
i=n
ci
)
. (3.12)
Due to (3.9) and
∑∞
i=1 ci <∞, given ε > 0 there exists an integerN0 > 0 such that for all n > N0 we have d(xn, F) < ε2W
and
∑∞
i=n ci <
ε
2W . Consequently, for all integers n > N0 andm ≥ 1, from (3.12) we derive ‖xn+m − xn‖ < ε, which means
that {xn} is a Cauchy sequence in X , and completeness of X yields the existence of x∗ ∈ X such that xn → x∗ strongly.
Now we show that x∗ is a common fixed point of T and I . Suppose that x∗ 6∈ F . Since F is closed subset of X , one has
d(x∗, F) > 0. However, for all p ∈ F , one gets
‖x∗ − p‖ ≤ ‖xn − x∗‖ + ‖xn − p‖.
This implies that
d(x∗, F) ≤ ‖xn − x∗‖ + d(xn, F),
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so we obtain d(x∗, F) = 0 as n → ∞, which contradicts d(x∗, F) > 0. Hence, x∗ is a common fixed point of T and I . This
completes the proof. 
Lemma 3.4. Let X be a real uniformly convex Banach space and K be a nonempty closed convex subset of X. Let T , I be as
in Theorem 3.3, and all conditions of Theorem 3.3 be satisfied. Assume that {αn}, {βn} are two sequences in [t, 1 − t], where
0 < t < 1. Then the sequence {xn} defined by (1.4) satisfies the following:
lim
n→∞ ‖xn − T
nxn‖ = 0, (3.13)
lim
n→∞ ‖xn − I
nxn‖ = 0. (3.14)
Proof. According to Lemma 3.2 for any p ∈ F = F(T ) ∩ F(I)we have
lim
n→∞ ‖xn − p‖ = d. (3.15)
It follows from (1.4) that
‖xn+1 − p‖ = ‖(1− αn)(xn − p)+ αn(T nyn − p)‖ → d, (3.16)
as n→∞. By means of∑∞n=1 µn <∞,∑∞n=1 λn <∞,∑∞n=1 µ˜n <∞,∑∞n=1 λ˜n <∞, from (3.2), (3.4) we get
lim sup
n→∞
‖T nyn − p‖ ≤ lim sup
n→∞
[(1+ µnM∗1 )(1+ µ˜nM∗2 )‖yn − p‖ + µ˜n(1+ µnM∗1 )ϕ(M2)]
+ lim sup
n→∞
[λ˜n(1+ µnM∗1 )+ µnφ(M1)+ λn]
= lim sup
n→∞
‖yn − p‖
≤ lim sup
n→∞
((1+ µ˜nβnM∗2 )‖xn − p‖ + µ˜nβnϕ(M2)+ λ˜nβn)
= lim sup
n→∞
‖xn − p‖ = d. (3.17)
Now using (3.15) with (3.17) and applying Lemma 2.1 to (3.16) one finds
lim
n→∞ ‖xn − T
nyn‖ = 0. (3.18)
So, from (1.4) and (3.18) we infer that
lim
n→∞ ‖xn+1 − xn‖ = limn→∞ ‖αn(T
nyn − xn)‖ = 0. (3.19)
On the other hand, from (3.2) one has
‖xn − p‖ ≤ ‖xn − T nyn‖ + ‖T nyn − p‖
≤ ‖xn − T nyn‖ + (1+ µnM∗1 )(1+ µ˜nM∗2 )‖yn − p‖
+ µ˜n(1+ µnM∗1 )ϕ(M2)+ λ˜n(1+ µnM∗1 )+ µnφ(M1)+ λn
which implies
‖xn − p‖ − ‖xn − T nyn‖ ≤ (1+ µnM∗1 )(1+ µ˜nM∗2 )‖yn − p‖
+ µ˜n(1+ µnM∗1 )ϕ(M2)+ λ˜n(1+ µnM∗1 )+ µnφ(M1)+ λn.
The last inequality with (3.4) yields that
‖xn − p‖ − ‖xn − T nyn‖ ≤ (1+ µnM∗1 )(1+ µ˜nM∗2 )(1+ µ˜nβnM∗2 )‖xn − p‖
+βn(1+ µnM∗1 )(1+ µ˜nM∗2 )(µ˜nϕ(M2)+ λ˜n)
+ (1+ µnM∗1 )(µ˜nϕ(M2)+ λ˜n)+ µnφ(M1)+ λn.
Then (3.15), (3.18), with the squeeze theorem, imply that
lim
n→∞ ‖yn − p‖ = d. (3.20)
Again from (1.4) we can see that
‖yn − p‖ = ‖(1− βn)(xn − p)+ βn(Inxn − p)‖ → d, n→∞. (3.21)
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From (3.1), (3.15) one finds
lim sup
n→∞
‖Inxn − p‖ ≤ lim sup
n→∞
((1+ µ˜nM∗2 )‖xn − p‖ + µ˜nϕ(M2)+ λ˜n) = d.
Now applying Lemma 2.1 to (3.21) we obtain (3.14).
One can see that
‖xn − T nxn‖ ≤ ‖xn − T nyn‖ + ‖T nyn − T nxn‖
≤ ‖xn − T nyn‖ + (1+ µnM∗1 )(1+ µ˜nM∗2 )‖yn − xn‖
+ (1+ µnM∗1 )(µ˜nϕ(M2)+ λ˜n)+ µnφ(M1)+ λn
= ‖xn − T nyn‖ + βn(1+ µnM∗1 )(1+ µ˜nM∗2 )‖Inxn − xn‖
+ (1+ µnM∗1 )(µ˜nϕ(M2)+ λ˜n)+ µnφ(M1)+ λn.
Hence, from (3.18), (3.14) we obtain (3.13). The proof is complete. 
Now we are ready to formulate a main result of this work.
Theorem 3.5. Let the conditions of Lemma 3.4 be satisfied. If at least one of the mappings T and I is compact, then the sequence
{xn} defined by (1.4) converges strongly to a common fixed point of T and I.
Proof. Without loss of generality, we may assume that T is compact. This means that there exists a subsequence {T nkxnk} of{T nxn} such that {T nkxnk} converges strongly to x∗ and x∗ ∈ K . Then (3.13) implies that {xnk} converges strongly to x∗. Since
T is continuous, then {T nk+1xnk} converges strongly to Tx∗. On the other hand, according to (3.14) and the continuity of I , we
obtain that {Inkxnk}, {Ink+1xnk} converge strongly to x∗, Ix∗, respectively. Since {‖xnk+1− xnk‖} converges to 0, (3.1) and (3.2)
imply that {‖T nk+1xnk+1 − T nk+1xnk‖} and {‖Ink+1xnk+1 − Ink+1xnk‖} converge to 0 as well. Observe that
‖x∗ − Tx∗‖ ≤ ‖x∗ − xnk+1‖ + ‖xnk+1 − T nk+1xnk+1‖ + ‖T nk+1xnk+1 − T nk+1xnk‖ + ‖T nk+1xnk − Tx∗‖,
‖x∗ − Ix∗‖ ≤ ‖x∗ − xnk+1‖ + ‖xnk+1 − Ink+1xnk+1‖ + ‖Ink+1xnk+1 − Ink+1xnk‖ + ‖Ink+1xnk − Ix∗‖.
Taking limit as k→∞ in the last inequality, we find x∗ = Tx∗, x∗ = Ix∗, which means x∗ ∈ F . However, due to Lemma 3.2,
the limit limn→∞ ‖xn − x∗‖ exists; therefore,
lim
n→∞ ‖xn − x
∗‖ = lim
nk→∞
‖xnk − x∗‖ = 0,
which means that {xn} converges strongly to x∗ ∈ F . This completes the proof. 
Note that the main results obtained generalize and extend the corresponding ones of [7–9,11] to a case of one mapping.
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